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Assumption Throughout the tutorial
,

f : E -

A , Tl ] → IR is a

21T -

periodic integrable function with Fourier series

St ) = Aot I ancosnxtbnsinnx )

Q1) ( Ex
.

I
,

Q3) Show  that if f is  an  even function
,

then St ) is  a cosineseries
,

ie .bn = O
.

Vn 31

So I
Recall that a bn = S THIS  in  nxdx = O

since  TH ) sin  nx  is  an  odd function
.

Details : S this  in  nxdx = ( Sits ? ) I fcxlsinnxdx ) = I +  It

For I
, apply a  change of variables x=

-

y ; dx  =
-

dy

.

'

.

S ! flxlsinnxdx = fifty ) sin I -

ny ) I - dy ) = - S! fly ) sin  nydy = - I

.

'

 . IT bn = It It = O
.

Hence bn = O



Q2
) ( Ex

.
I

,

Q

6)
Suppose in  addition

,

f is differentiable

such that f
'

: E - Th Tl ] → IR is integrable

Show that Riemann - Lebesgue lemma holds for  such 5 :

'
nine

.

Ian 1=0 = hismolbnl

Sol Showing linmlbn 1=0 : Note that tinsel
.

S FIX ) cos  nxdx

= I flxlcosnx - f f Ix ) I - nsinnx ) dx

= O tNTIbn = h IT bn

Also
,

since f
'

is bounded
.

IM so sit . It -5
'

Host M

.

'

 .

lbnk.fr/SEaflxscosnxdxlstSIiMdx=2M-

F-  n n

.

'

. hiIs Ibn 1=0

Similarly for an : Sia Stx ) sin  nxdx = -

naan
,

f  n > ,

:
.

tank
tailsFIX ) cos  nxdxl

IF
.

Therefore
,

link
,  dank O



Q 3)f Ex
.

I
.

Q 7) Using Q2
,

Show that Riemann - Lebesgue lemma

holds for  
any f in Assumption

:
'
n'

'

7
.

Ian 1=0 = him Ibn I

Sol Showing him Ibn 1=0 : V-E > O
.

KE
IN to be determined

Lemma (a) There  exists  a step function S :[ - I
,
 IT ] → IR ,

I ' e .

Xo
11

Mi  ,
X E  I

- IT
,

X , ]

six , = {
Me

.

:

×  E I x
.

.
xD such that

04
If - si

CE
MN ,

X  E ( Xn . , ,

TH
'  '

xn

(b) For  each step function s :C - T.IT ] → IR
,

there exists  a
C

"

function

g :[ -

T.IT ] → IR such that I Is-91 s

IAssuming the Lemmas : by Q2
.

IKEINs 't . V  n  2KI guns  in  nxdx I s I

.

.

. IT Ibn I = If fix )  sin  nxdx I = I Itf- Its-g) tg) sin  nxdx I

S If - s ) t IS -

g

It
IS glxssinnxdx I s It It Es = E

.

V  n  

2K
,

'

.

linens Honk O
. Similarly ,

hints Ian 1=0 by replacing sin  nx by cos  nx  above
.



Proofof lemma (a) See Lecture  note I
,

lemma 1.3

y

(b) Pictorial proof
:

o •

. I. 1.÷÷÷i: '

Analytic details : It
,

'

x
,

I
.

In
. ,

}
,

' ×

Step 2 : VS > o
.

define h : IR → IR by huh
{

e-
 '

kiss

bump function 0
.

1×128( Exercise ) h is  smooth ( i . e .  all derivatives  exist everywhere )

with {
ht " 20,

Vx
 ER iShlx)dx=A Ctcs yeux )

R Ig I
>  x

Step 2 : VS > o
,

define k : IR → IR by

Kkk
¥

St.
hltsdt

i( Exercise ) k is  smooth yeux )
1-

✓
>  xklx

) = O
.

V  x  E - S Is
"

s

with { ockcxkl
,

A - saxes

Ktx )  =L ,
tf  x  28



Step 3 : Given six )
,

chase ocsspginnstzlxi-xi.nl
,

desire

gµ , = {
( Mi- Mi) KIX - Xi ) -1mi, FXEFTITDN

Bjlxi
)

Stx ) Otherwise

YnPicture near × , ; yemit '

-

 Mi

[ a 3

In
a [ a ]
SX

Xi .

. Xi S

'

Xitl

Then g
is C

'

( in  fact is smooth )

and Sifts -91 = ¥4 ! !ns.j.gl
S 7722842maxllmil.lmi.nl ) ) SE

by choosing 0485 § .

N

"

+  ,
,miiomiaxndmil }

m


